We study Planck 2015 cosmic microwave background (CMB) anisotropy data using the energy density inhomogeneity power spectrum generated by quantum fluctuations during an early epoch of inflation in the non-flat XCDM model. Here dark energy is parameterized using a fluid with a negative equation of state parameter but with the speed of fluid acoustic inhomogeneities set to the speed of light. We use this simple parameterization of dynamical dark energy, that is relatively straightforward to use in a computation, in a first attempt to gain some insight into how dark energy dynamics and non-zero spatial curvature jointly affect the CMB anisotropy data constraints. Unlike earlier analyses of non-flat models, we use a physically consistent power spectrum for energy density inhomogeneities. We find that the Planck 2015 data in conjunction with baryon acoustic oscillation measurements are reasonably well fit by a closed XCDM model in which spatial curvature contributes a percent of the current cosmological energy density budget. In this model, the measured Hubble constant and non-relativistic matter density parameter are in good agreement with values determined using most other data. Depending on parameter values, the closed XCDM model has reduced power, relative to the tilted, spatially-flat ΛCDM case, and appears to partially alleviate the low multipole CMB temperature anisotropy deficit and can help partially reconcile the CMB anisotropy and weak lensing σ 8 constraints, at the expense of somewhat worsening the fit to higher multipole CMB temperature anisotropy data. However, the closed XCDM inflation model does not seem to improve the agreement much, if at all, compared to the closed ΛCDM inflation case, even though it has one more free parameter. So perhaps non-zero spatial curvature plays a more important role in this process than does dark energy dynamics. Our results are interesting but tentative; a more thorough analysis is needed to properly gauge their significance.
INTRODUCTION
We recently found that cosmic microwave background (CMB) anisotropy measurements do not require flat spatial hypersurfaces in the ΛCDM scenario (Ooba et al. 2017) , provided one uses a physically consistent non-flat model power spectrum of energy density inhomogeneities (Ratra & Peebles 1995; Ratra 2017) in the analysis of the CMB data.
In the standard ΛCDM model (Peebles 1984) , dark energy, taken to be the cosmological constant Λ, dominates the current cosmological energy budget and powers the currently accelerating cosmological expansion. Cold dark matter (CDM) is the next largest contributor to the current energy budget, followed by baryonic matter and small contributions from neutrinos and photons. The standard ΛCDM model assumes flat spatial geometry. For reviews of the standard and related scenarios, see Ratra & Vogeley (2008) , Martin (2012) , Joyce et al. (2016) , Huterer & Shafer (2017) and references therein.
It is conventional to parameterize the standard flat-ΛCDM model in terms of six variables: Ω b h 2 and Ω c h 2 , the current values of the baryonic and cold dark matter density parameters multiplied by the square of the Hubble constant (in units of 100 km s −1 Mpc −1 ); θ, the angular diameter distance as a multiple of the sound horizon at recombination; τ , the reionization optical depth; and A s and n s , the amplitude and spectral index of the (assumed) power-law primordial scalar energy density inhomogeneity power spectrum, (Planck Collaboration 2016a) . The predictions of the flat-ΛCDM model are largely consistent with most available observational constraints (Planck Collaboration 2016a, and references therein).
There are suggestions that flat-ΛCDM might not be as compatible with more recent, larger compilations of measurements (Solà et al. 2017a (Solà et al. ,b, 2016 (Solà et al. , 2017c Zhang et al. 2017 ) that might be more consistent with dynamical dark energy models. These include the simplest, physically consistent, seven parameter flat-φCDM model in which a scalar field φ with potential energy density V (φ) ∝ φ −α is the dynamical dark energy and α > 0 is the seventh parameter that governs dark energy evolution.
Compared to the time-independent Λ, dynamical dark energy density evolves in manner closer to (but slower than) that of spatial curvature energy density. This can cause a complication. Under the assumption of spatial flatness, CMB anisotropy measurements favor Λ although mild dark energy time evolution remains viable. When the general, nonflat, ΛCDM model is used to analyze the CMB data they indicate that spatial hypersurfaces are close to flat although mildly curved space is acceptable. When CMB anisotropy observations are analyzed in a dynamical dark energy model with non-flat spatial hypersurfaces there is degeneracy between spatial curvature and the parameter governing dark energy dynamics. This results in weaker constraints on both parameters, when compared to the cases where only non-zero spatial curvature or only dynamical dark energy is assumed (early references include Aurich & Steiner 2002 , 2003 , 2004 Crooks et al. 2003; Wright 2006; Zhao et al. 2007; Ichikawa & Takahashi 2007; Clarkson et al. 2007; Wang & Mukherjee 2007; Gong et al. 2008; Hlozek et al. 2008; Virey et al. 2008, and references therein) Non-zero spatial curvature brings in a new length scale, in addition to the Hubble scale. Consequently, in non-flat models it is incorrect to assume a power law spectrum for energy density inhomogeneities. Instead in the non-flat case one must use an inflation model to compute a consistent power spectrum. For open spatial hypersurfaces the Gott (1982) open-bubble inflation model is taken as the initial epoch of the cosmological model and one computes zero-point quantum fluctuations during the open inflation epoch and propagates these to the current open accelerating universe where they are energy density inhomogeneities (Ratra & Peebles 1994 .
1 For closed spatial hypersurfaces Hawking's prescription for the quantum state of the universe (Hawking 1984) can be used to construct a closed inflation model (Ratra 1985 (Ratra , 2017 . The constants of integration of the initial closed inflation epoch linear perturbation solutions are determined from closed de Sitter invariant quantum mechanical initial conditions in the Lorentzian section of the closed de Sitter space that are derived from Hawking's prescription that the quantum state of the universe only include field configurations that are regular on the Euclidean (de Sitter) sphere sections (Ratra 1985 (Ratra , 2017 . These initial conditions are the unique de Sitter invariant ones. Zero-point quantum-mechanical fluctuations during closed inflation provide a late-time energy density inhomogeneity power spectrum that is not a power law (Ratra 2017) ; it is a generalization to the closed case (White & Scott 1996; Starobinsky 1996; Zaldarriaga et al. 1998; Lewis et al. 2000; Lesgourgues & Tram 2014) of the flat-space scale-invariant spectrum.
We recently analyzed the Planck 2015 CMB anisotropy data in the non-flat ΛCDM inflation model, using the consistent power spectrum for the non-flat case (Ooba et al. 2017) . In this paper we examine what constraints these data place on a model in which dark energy is parametrized in terms of a fluid, the so-called XCDM parameterization.
Here the dark energy fluid pressure and energy density are related via p X = w 0 ρ X , where w 0 is the equation of state parameter and is taken to be < −1/3. It is well known that such a fluid is unstable and to stabilize it we arbitrarily require that spatial inhomogeneities in the fluid propagate at the speed of light.
Compared to the six parameter flat-ΛCDM inflation model discussed above, in the non-flat case there is no simple tilt option, so n s is no longer a free parameter and is replaced by the current value of the curvature density parameter Ω k which results in the six parameter non-flat ΛCDM model (Ooba et al. 2017 ). Here we replace the cosmological constant Λ by the dark energy fluid parametrized by w 0 , which is a new free parameter, resulting in the seven parameter non-flat XCDM inflation model. Of course, this is not a physical model, and it is also unable to properly mimic the dark energy evolution of the scalar field dynamical dark energy φCDM model . Nevertheless, it is a simple parameterization of dynamical dark energy that is relatively straightforward to use in a computation and that is worth exploring as a first, and hopefully not misleading, attempt to gain some insight into how dark energy dynamics and non-zero spatial curvature jointly influence the CMB anisotropy data constraints. We note here that there is a physically consistent non-flat seven parameter scalar field dynamical dark energy model (Pavlov et al. 2013) ; because the scalar field inhomogeneities must be accounted for in this model, the computational demands in φCDM are much more significant than in the XCDM case we study here.
In this paper we use the Planck 2015 CMB anisotropy data to constrain this seven parameter non-flat XCDM inflation model. We find in this model that the Planck 2015 CMB anisotropy data in conjunction with baryon acoustic oscillation (BAO) measurements do not require that spatial hypersurfaces be flat. The data favor a mildly closed model. These results are consistent with our earlier analysis of the six parameter non-flat ΛCDM inflation model (Ooba et al. 2017) .
In our analyses here we use a number of CMB anisotropy data combinations (Planck Collaboration 2016a). For CMB data alone, we find that the best-fit non-flat XCDM model, for the TT + lowP + lensing Planck 2015 data, has spatial curvature density parameter Ω k = −0.021
+0.029
−0.050 (1 and 2σ error bars) and is slightly closed. When we include the same BAO data that Planck 2015 used, we find for the TT + lowP + lensing CMB anisotropy case that Ω k = −0.008 ± 0.003 ± 0.006.
As with the six parameter closed-ΛCDM models, it might be significant that the best-fit seven parameter closed XCDM models have less CMB temperature anisotropy C ℓ power at low ℓ than does the best-fit six parameter tilted, spatially-flat ΛCDM model, and so appear to be in slightly better agreement with the low-ℓ temperature C ℓ measurements (less so when the BAO data are included in the mix). Overall, however, the best-fit seven parameter closed XCDM inflation model does not do better, and probably does a little worse, than the best-fit six parameter closed ΛCDM inflation model we studied earlier (Ooba et al. 2017) .
The structure of our paper is as follows. In Sec. II we summarize the methods we use in our analyses here. Our parameter constraints are tabulated, plotted, and discussed in Sec. III, where we also attempt to judge how well the best-fit closed-XCDM model fits the data. We conclude in Sec. IV.
METHODS
For our non-flat XCDM model analyses here we use the open and closed inflation model quantum energy density inhomogeneity power spectrum (Ratra & Peebles 1995; Ratra 2017) . Figure 1 compares closed XCDM and ΛCDM inflation model power spectra and a tilted flat-ΛCDM inflation model power spectrum. We use the public numerical code CLASS (Blas et al. 2011) to compute the angular power spectra of the CMB temperature, polarization, and lensing potential anisotropies. Our parameter estimations are carried out using Monte Python (Audren et al. 2013) that is based on the Markov chain Monte Carlo method.
We set flat priors for the cosmological parameters over the ranges 100θ ∈ (0.5, 10), Ω b h 2 ∈ (0.005, 0.04), Ω c h 2 ∈ (0.01, 0.5), τ ∈ (0.005, 0.5), ln(10 10 A s ) ∈ (0.5, 10), Ω k ∈ (−0.5, 0.5), w 0 ∈ (−3, 0.2).
The CMB temperature and the effective number of neutrinos were set to T CMB = 2.7255 K from COBE (Fixsen 2009) and N eff = 3.046 with one massive (0.06 ev) and two massless neutrino species in a normal hierarchy. The primordial helium fraction Y He is inferred from standard Big Bang nucleosynthesis, as a function of the baryon density. We constrain model parameters by comparing our results to the CMB angular power spectrum data from the Planck 2015 mission (Planck Collaboration 2016a) and the BAO measurements from the matter power spectra obtained by the 6dF Galaxy Survey (6dFGS) (Beutler et al. 2011) , the Baryon Oscillation Spectroscopic Survey (BOSS; LOWZ and CMASS) (Anderson et al. 2014) , and the Sloan Digital Sky Survey (SDSS) main galaxy sample (MGS) (Ross et al. 2015) .
RESULTS
In this section we summarize the results of our parameter estimation computations and attempt to judge how well the best-fit seven parameter closed-XCDM inflation model does relative to the best-fit six parameter tilted flat-ΛCDM inflation model (Planck Collaboration 2016a) and the best-fit six parameter closed-ΛCDM inflation model (Ooba et al. 2017) . Table 1 lists central values and 68.27% (1σ) limits on the cosmological parameters from the 4 different CMB and BAO data sets we utilize. Figure 2 shows two-dimensional constraint contours and one-dimensional likelihoods determined by marginalizing over all other parameters, derived from the two CMB anisotropy data sets, both excluding and including the BAO data. Figure 3 shows plots of the CMB temperature anisotropy angular power spectra for the best-fit non-flat XCDM models determined from the two different CMB anisotropy data sets (as well as non-flat and tilted spatially-flat ΛCDM models), excluding and including the BAO data, Figure 4 shows 68.27% and 95.45% (2σ) confidence level contours in the σ 8 -Ω m plane, after marginalizing over the other parameters, for the non-flat XCDM inflation models as well as for one spatially-flat tilted ΛCDM inflation model, for the cases without and with the BAO data. From the analysis without the BAO data, we find that the spatial curvature density parameter is constrained to be
The left hand panels of Fig. 3 show the CMB temperature anisotropy C ℓ of the best-fit non-flat XCDM inflation models for the 2 different CMB anisotropy data sets. It appears that these models fit the low-ℓ C ℓ measurements better than does the spatially-flat tilted ΛCDM case of Planck Collaboration (2016a), while the higher-ℓ C ℓ data are not as well fit by the non-flat models. Figure 1 shows that on large scales the fractional energy density inhomogeneity power spectrum for the best-fit closed XCDM and ΛCDM inflation models are suppressed relative to that of the best-fit tilted flat-ΛCDM model, for the TT + lowP + lensing data. While the low-ℓ C ℓ of Fig. 3 depend on this small wavenumber part of the power spectrum, other effects, such as the usual and integrated Sachs-Wolfe effects, also play an important role in determining the C ℓ shape. The left panel of Fig. 4 shows σ 8 -Ω m constraint contours, for the 2 non-flat XCDM models (as well as for one spatially-flat tilted ΛCDM case). When CMB lensing is included, we find that our non-flat seven parameter XCDM inflation model weakens the tension between the CMB observations and the weak lensing data, compare Fig. 3 here to Fig. 18 of Planck Collaboration (2016a).
From the analysis also including the BAO data, we find that the spatial curvature density parameter is constrained to be Ω k = −0.008 ± 0.006 (95.45%, TT + lowP + lensing + BAO).
Unlike the Planck 2015 results (Planck Collaboration 2016a), our physically-consistent non-flat XCDM inflation model is not forced to be flat even when we include the BAO data in the analysis. This case is about 3σ away from flat. The right panels of Fig. 3 show plots of C ℓ for the best-fit non-flat XCDM models analyzed using the 2 different CMB data sets and including the BAO data. We find that including the BAO data does somewhat degrade the fit in the low-ℓ region compared with results from the analyses without the BAO data. Including the BAO data also worsens the σ 8 -Ω m plane discrepancy between the CMB and weak lensing constraints, see the right hand panel of Fig. 4 . It is interesting that the H 0 and Ω m constraints listed in Table 1 are quite consistent with estimates for these parameters from most other data. For the density parameter see . The most recent median statistics analyses of compilations of H 0 measurements gives H 0 = 68 ± 2.8 km s −1 Mpc −1 (Chen & Ratra 2011) , consistent with earlier values (Gott et al. 2001; . Many more recent H 0 determinations from BAO, Type Ia supernovae, Hubble parameter, and other measurements are consistent with these results (Calabrese et al. 2012; Hinshaw et al. 2013; Sievers et al. 2013; Aubourg et al. 2015; L'Huillier & Shafieloo 2017; Luković et al. 2016; Chen et al. 2017; Wang et al. 2017; Lin & Ishak 2017) . However, it is well known that local measurements of the expansion rate give a higher H 0 . Freedman et al. (2012) Additionally, we emphasize that many analyses based on a variety of different observations also do not rule out non-flat dark energy models (Farooq et al. 2015; Sapone et al. 2014; Li et al. 2014; Cai et al. 2016; Chen et al. 2016; Yu & Wang 2016; L'Huillier & Shafieloo 2017; Farooq et al. 2017; Li et al. 2016; Wei & Wu 2017; Rana et al. 2017 ). 188 (189) 196 (197) 192 (193) 200 (201) It is also important to understand how well the best-fit closed-XCDM inflation model does relative to the best-fit tilted flat-ΛCDM model in fitting the data. As for the closed-ΛCDM case (Ooba et al. 2017) , we are unable to resolve this in a quantitative manner, although qualitatively, overall, the best-fit closed-XCDM model does not do as well as the best-fit tilted flat-ΛCDM model. It also appears to not do as well as the best-fit closed-ΛCDM inflation model (Ooba et al. 2017) , which has one fewer parameter. Table 2 lists the minimum χ 2 = −2ln(L max ) determined from the maximum value of the likelihood, for the four data sets we study, for both the closed-XCDM and tilted flat-ΛCDM inflation models, as well as the number of (binned 2 is apparently caused by many small deviations, and not by a few significant outliers. This allows for the possibility that a slight increase in the error bars or a mild non-Gaussianity in the errors could raise the model probabilities.
While there are correlations in the data, it is also instructive to consider a standard goodness of fit χ 2 that only makes use of the diagonal elements of the correlation matrix. These are listed in Table 3 for the four data sets we study and for both the closed-XCDM and tilted flat-ΛCDM inflation models. From Table 3 for the TT + low P + lensing data, we see that the χ 2 per d.o.f. is 273/196 (227/197) for the closed-XCDM (tilted flat-ΛCDM) inflation model, and when BAO data is added to the mix these become 294/200 (234/201) . Again, while the closed-XCDM model is less favored than the tilted flat-ΛCDM case, it is not straightforward to assess the quantitative significance of this. In addition to the points mentioned at the end of the previous paragraph, here we also ignore all the off-diagonal information in the correlation matrix, so it is meaningless to compute standard probabilities from such χ 2 's. All in all, while the best-fit closed-XCDM inflation model appears less favored, it might be useful to perform a more thorough analysis of the model.
CONCLUSION
We present Planck 2015 CMB data constraints on the physically consistent seven parameter non-flat XCDM model with inflation-generated non-power-law energy density inhomogeneity power spectrum. This is a first attempt to examine the effect of the interplay between dark energy dynamics and spatial curvatures on constraints derived from CMB anisotropy measurements. We again draw attention to the fact that the X-fluid dark energy part of the XCDM model is only a parameterization, and not a physical model, and hope it does not lead to misleading conclusions.
Unlike the case for the seven parameter non-flat tilted ΛCDM model with power-law power spectrum used in Planck Collaboration (2016a), we discover that CMB anisotropy data do not force spatial curvature to vanish in our non-flat XCDM inflation model. This is consistent with what we found in the six parameter non-flat ΛCDM inflation model (Ooba et al. 2017) , where spatial curvature contributes about 2 % to the present energy budget of the closed model that best fits the Planck TT + lowP + lensing data. These closed inflation models are more consistent with the low-ℓ C ℓ observations and the weak lensing σ 8 constraints than is the best fit spatially-flat tilted ΛCDM, but they do worse at fitting the higher-ℓ C ℓ measurements.
It might be useful to revisit the issue of possible small differences in the constraints derived from higher-ℓ and lower-ℓ Planck 2015 CMB anisotropy data (Addison et al. 2016; Planck Collaboration 2016b) , by using the non-flat XCDM model we have studied here. Also of great interest would be a method for quantitatively assessing how well the best-fit tilted spatially-flat ΛCDM model and the best-fit non-flat XCDM model fit the Planck 2015 CMB anisotropy (and other) data.
Unlike the analysis for the seven parameter non-flat tilted ΛCDM model in Planck Collaboration (2016a), adding the BAO data still does not force our seven parameter non-flat XCDM model to be flat, in fact Ω k = −0.008 ± 0.006 at 2σ and is about 3σ away from flat. In this case the improved agreement with the low-ℓ C ℓ observations and the weak lensing σ 8 are not as good compared with the results from the analyses using only the Planck 2015 CMB data. However, the BAO and CMB data are from very disparate redshifts and it is possible that a better model for the intervening epoch or an improved understanding of one or both sets of measurements might alter this conclusion.
Perhaps a small spatial curvature contribution, of order a few percent, can improve the currently popular spatiallyflat standard ΛCDM model. However, it appears that the six parameter closed-ΛCDM inflation model might do a better job at this (Ooba et al. 2017 ) than does the seven parameter closed-XCDM inflation model we studied here. A more thorough analysis of the non-flat ΛCDM and XCDM inflation models is needed to establish if either is viable and can help resolve some of the low-ℓ C ℓ issues as well as possibly the σ 8 power issues. Perhaps non-zero spatial curvature might be more important for this purpose than is dark energy dynamics.
